In projective measurements of energy, a target system is projected to an eigenstate of the system Hamiltonian, and the measurement outcomes provide the information of corresponding eigen-energies. Recently, it has been shown that such a measurement can be in principle realized without detailed knowledge of the Hamiltonian by using probe qubits. However, in the previous approach for the energy measurement, the necessary size of the dimension for the probe increases as we increase the dimension of the target system, and also individual addresibility of every qubit is required, which may not be possible for many experimental settings with large systems. Here, we show that a single probe qubit is sufficient to perform such a projective measurement of energy if the target system is composed of non-interacting qubits whose resonant frequencies are unknown. Moreover, our scheme requires only global manipulations where every qubit is subjected to the same control fields. These results indicate the feasibility of our energy projection protocols.
A projective measurement is a central concept in quantum physics [1] [2] [3] . This ideally projects the state to the eigenstate of the measured observable. The quantum measurement process can be described by an interaction between the target system and a probe system. A correlation with the probe system is generated via the coupling, and a measurement on the probe system induces the projection on the target system where the measurement outcomes of the probe are associated with the eigenvalues of the observable. If the measured observable is energy of the target system, such an operation is called projective measurement of energy (PME). PME scheme exists if the form of the Hamiltonian is given in advance [4] . Based on the knowledge of the Hamiltonian, we can engineer the interaction between the target and probe system. However, to identify the unknown Hamiltonian, it takes at least O(d 2 ) time with quantum tomography where d denotes the Hilbert space of the system [5, 6] , and this grows exponentially with the size of the target system. Nakayama et al proposed a scheme to perform the PME of unknown Hamiltonians whose dimension and energy scale are only known. The necessary time is independent from the dimension of the Hamiltonian [7] . Quantum phase estimation (QPE) algorithm is used to estimate eigenvalues of a given unitary operator U [8] , and controlled-swap gates between the target system and probe system play a central role implementing the PME. However, there are no existing schemes to construct the controlled-swap gate in actual experiments when the Hamiltonian is unknown. Moreover, their protocol requires a probe system whose size is comparable with that of the target system, while individual controllability for every qubit is requisite. Due to these restrictions, it is not clear whether their protocol could be demonstrated in actual experiments.
In this letter, we introduce a scheme to implement the PME on an ensemble of qubits with unknown frequencies where only global control with a single probe qubit is required, while keeping the advantage of the reduced time cost. We consider that a single probe qubit is collectively coupled with the target qubits where interaction between the target qubits is negligible. Without detailed knowledge of the target qubits, one can perform the PME via the coupling with the probe qubit, while the necessary time cost is independent from the dimension of the Hamiltonian. Moreover, our protocol just requires global controls where all qubits are subjected in the same external fields. These advantages show our PME is much more suitable for experimental realizations than the previous schemes.
Let us review quantum phase estimation (QPE) [8] . Here, we consider the case that QPE is performed on a given unitary operation under the assumption that implementation of a controlled unitary gate and Fourier basis measurements are available. By QPE, we can estimate eigenvalues of a target unitary operator U t = e −iHQPEt = 2 N −1 n=0 e −iEnt |E n E n | where |E n and E n denote eigenvectors and eigenvalues of the target Hamiltonian H QPE , respectively. We assume 0 ≤ E n t < 2π (n = 1, 2, · · · , L) to remove an ambiguity due to a phase periodicity. A control-unitary operation C Ut = |0 P 0|⊗1 1 T +|1 P 1|⊗U t between the probe qubit and the target qubits is required for the implementation of QPE. This operation can induce a phase kick back C Ut |+ P |E n T = 1 √ 2 (|0 P +e −iEnt |1 P )|E n T , which is essential for QPE. The QPE exploits L probe qubits, and we apply L control-unitary operations to obtain C
is performed between the j th probe qubit and the target qubits. By measuring the probe qubits in the computational basis after the quantum Fourier transform, the probe qubits are measured in the Fourier basis
where
With a limit of a large L, the measurement outcomes m correspond to the values of E n t such as Ent 2π = m 2 L , and these phases can be estimated by QPE. Thus, the QPE is equivalent to the PME of H QPE . We can replace the L probe qubits with a single probe qubit for performing the Fourier basis measurement, if the controlled unitary gate is given [9, 10] . In this case, we need to reset, rotate, and measure the probe qubit L times using a technique of measurement feedback where the angle of the rotations depends on previous measurement outcomes [9, 10] .
The most difficult part to realize the PME is to construct the controlled unitary gate for an unknown Hamiltonian. Here, we propose a way that approximately implements such a controlled unitary gate with a limited knowledge of the Hamiltonian by using a single probe qubit.
We consider a system where the probe qubit is collectively coupled with the target qubits and the microwave fields are globally coupled with the qubits. We assume that an interaction among the target qubits is negligible. The joint Hamiltonian of the probe and target systems is given by
where ω j denotes the frequency of the j-th target qubit, ω P denotes the frequency of the probe qubit, g denotes a coupling strength, λ P (λ T ) denotes the Rabi frequency for the probe (target) system, ω (ω ′ ) denotes the frequency of the microwave for the probe (target) system. We aim to realize PME of the target Hamiltonian
z,j . We assume the average frequency ω av and the variance δω of the target qubits are given, but the individual frequency ω j is unknown. By detuning the probe qubit frequency from the average frequency of the target qubits, we can control the probe qubit without affecting the target qubits. In a rotating frame, we rewrite the Hamiltonian with rotating wave approximation as
where ω = ω P , ω ′ = ω av − g, and δω j = ω j − ω av . We assume a tunability to turn on/off λ P , λ T , and g. From Eq. (3), we define H ± by substituting λ P = 0 and λ T = ±λ while we define H 0 by substituting λ P = λ T = g = 0.
We show that it is possible to construct an approximate controlled-not (CNOT) gate between the probe and unknown target qubits. When the probe qubit state is |0 P (|1 P ) for H ± , the Hamiltonian of the jth target qubit is represented as H
and | j 0|e
g. The target qubit is approximately flipped (unchanged) if the probe qubit is |0 p (|1 p ). Thus, e −iH± π λ corresponds to an approximated CNOT gate up to local operations.
If such an approximated CNOT gate is given, it is straightforward to implement a control unitary gate acting on the probe qubit and unknown target qubits. We assume that the target system is in a thermal equilibrium state ρ T = 1, 2, · · · , N ) , and we consider the case that the initial state is one of these states. Firstly, prepare the state |+ P N j=1 |s j Tj . Secondly, perform the approximated CNOT gate on the state, and obtain
x,j |s j Tj = |s j Tj . Thirdly, let this state evolve with a Hamiltonian H 0 , to obtain
|s j Tj . Although the probe qubit may suffer from decoherence during this time evolution, we could use a quantum memory with a longer coherence time to store the probe state only during the free evolution. Finally, by performing the second approximated CNOT gate, we obtain
This implements a controlled unitary gate on the probe qubit and unknown target qubits.
FIG. 1:
A quantum circuit representing our protocol for PME. A combination of the CNOT gates and free time evolution for a time t provides the probe qubit with a phase information of the target systems. To avoid decoherence on the probe qubit, we perform a SWAP gate between the probe qubit and memory qubit (with a long coherence time) before and after the free evolution of the target system. To perform a Fourier basis measurement, we reset, rotate, and measure the probe qubit L times where Rj denotes the unitary rotation whose angle is defined by the previous measurement outcomes:
The measurement outcomes reveal the energy eigenvalues of the target qubits, and induce the energy projection.
By combining the controlled unitary gate and Fourier basis measurements, the PME is implementable. A quantum circuir representing our protocol is shown in the Fig. 1 . To perform the Fourier basis measurement, we recycle the single probe qubit by using the method proposed in [9, 10] . We measure the probe qubit L times, and obtain measurement outcomes {m j } j=L j=1 . From these, eigenvalues of the target can be estimated as
L−j m j−1 , and this operation projects the target state to one of the energy eigenstates. The Kraus operator of our PME protocol on the target qubit is calculated aŝ
where U . For a quantum nondemolition measurement of energy [11] , an average fidelity F = m P m F m should be unity where
We define ǫ = 1 − F as a projection error of the PME protocol.
We discuss possible physical systems to realize our protocol. Nitrogen vacancy (NV) centers in diamond are one of the candidates. We can control the NV center by applying microwave pulse, and also readout the spin state of the NV center by an optical detection [12] . The NV center is coupled with nuclear spins via a hyperfine couplings [13, 14] . We could implement our PME on the nuclear spins by using the NV center as a probe qubit. Superconducting circuits are also promising candidates. Recently, a coherent coupling between a superconducting qubit ensemble and a microwave resonator has been demonstrated [15, 16] , and our PME is implementable on the superconducting qubits via the microwave cavity if we control the microwave cavity as an effective two-level system by using a Kerr effect [17] .
Among many candidates, we especially focus on a superconducting flux qubit coupled with an electron spin ensemble [18] [19] [20] . Here, we could implement our PME protocol on the electron spins by using the flux qubit as a probe. High fidelity control and readout of the superconducting flux qubit have been demonstrated [18] . Recently, a coherent coupling between the flux qubit and the electron spin ensemble was observed, and the coupling strength between a single electron spin and a flux qubit is estimated as g/2π = 10 kHz [21] . Moreover, there is a theoretical proposal to increase coupling up to g/2π = 100 kHz [20] . Although the coherence time of the flux qubit is still around 80 micro seconds [22] which may not be long enough to realize the PME protocol, a quantum memory for the superconducting qubit with much longer coherence time such as microwave cavitys and solid state spin systems can be used [19, 20, 23, 24] . Especially, if we can use the nuclear spins for the quantum memory of the flux qubit, the coherence time can be an order of an hour [25] . In this letter, we especially consider these systems.
We investigate the performance of the PME protocol where a single target qubit is coupled with a probe qubit. We assume that the initial state of the target qubit is |0 T1 where the detuning of the target qubit δω 1 has a Gaussian distribution with a zero average and a variance of σ G . The performance of our PME protocol depends on the value of δω 1 . To evaluate the average performance of our protocol, we randomly pick up N r values of the detuning {δω distribution, and we will take an average.
We numerically calculate the variance of the estimated energy eigenvalues in our protocol. The variance is defined as
m denotes a probability to obtain a measurement outcome of m for a given δω
plays a role to remove the ambiguity due to the phase periodicity where H x denotes a Heaviside step function. We plot the variance by the simulations in Fig. 2 . The variance decreases exponentially with the number of measurements σ ∝ 2 − L 2 , which is consistent with the scaling of the typical QPE protocol [26, 27] .
We calculate the average fidelity between the initial state and the post-measurement state of the single target qubit. We define the fidelity as
m ) denote the probability (fidelity) for a measurement outcome of m for a given δω (l) 1 . If the fidelity is close to the unity, we obtain an analytical solution of the projection error
We plot the projection error of both numerical simulations and analytical results in Fig. 3 . This analytical solutions agree with the numerical simulations.
We calculate the estimate variance of our PME for multiple target qubits. Without loss of generality, we can assume the initial state of the target qubits is N j=1 |0 Tj . We define the variance for multiple target qubits by Eq. 5 where we replace δω ). So we can remove the N dependency of the variance. We confirm this from numerical simulations, and plot the results in Fig. 2 . Similar to the single target qubit case, we can exponentially suppress the estimation variance for multiple target qubits as we increase the number of the measurements.
We also calculate the projection error for multiple target qubits. For a single target qubit, we obtained an analytical solution of the projection error ǫ. For a small projection error, the total projection error for N target qubits will be approximated as N ǫ. We plot the analytical solution and numerical results in the Fig. 3 , and there is a good agreement between the analytical and numerical results. Since the projection error is proportional to the number of the target qubits, our PME works efficiently for a relatively small number of target qubits. For example, from the simulation, the projection error is estimated around 0.27% for N = 4 and L = 6 with the current parameters. To decrease the projection error for a larger number of the target qubits, we should increase the coupling strength between the probe and target qubits, which would be possible by changing the design of the qubits [20, 28] .
Finally, we calculate the purity of the post-measurement state when the initial state is a completely mixed state. For a given set of the detuning δω .
The average purity is calculated as P = m ) 2 . We plot this results in Fig. 4 . As we increase the number of the measurements, the purity approaches to the unity.
In conclusion, we propose a protocol to implement the projective measurement of energy on an ensemble of qubits with unknown frequencies. We use a quantum phase estimation algorithm to determine the unknown energy of the target system. Unlike previous protocols, we only require a single probe qubit and global operations for the implementation, which   FIG. 4: The purity of the state against the number of measurements. We use the same parameters as in the Fig. 2 . The purity approaches to the unity as we increase the number of the measurements. Each continuous line is a guide for the eyes.
makes it more feasible to realize. Our scheme has many potential applications such as characterization of unknown quantum systems, quantum metrology, and initialization.
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